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ON THE MIXED (ℓ1, ℓ2)-LITTLEWOOD INEQUALITIES AND INTERPOLATION
MARIANA MAIA AND JOEDSON SANTOS
Abstract. It is well-known that the optimal constant of the bilinear Bohnenblust–Hille inequality (i.e.,
Littlewood’s 4/3 inequality) is obtained by interpolating the bilinear mixed (ℓ1, ℓ2)-Littlewood inequalities.
We remark that this cannot be extended to the 3-linear case and, in the opposite direction, we show that
the asymptotic growth of the constants of the m-linear Bohnenblust–Hille inequality is the same of the
constants of the mixed
(
ℓ 2m+2
m+2
, ℓ2
)
-Littlewood inequality. This means that, contrary to what the previous
works seem to suggest, interpolation does not play a crucial role in the search of the exact asymptotic
growth of the constants of the Bohnenblust–Hille inequality. In the final section we use mixed Littlewood
type inequalities to obtain the optimal cotype constants of certain sequence spaces.
1. Introduction
The mixed (ℓ1, ℓ2)-Littlewood inequality for K = R or C asserts that
(1)
∞∑
j1=1

 ∞∑
j2,...,jm=1
|U(ej1 , ..., ejm)|2


1
2
≤
(√
2
)m−1
‖U‖ ,
for all continuous m-linear forms U : c0 × · · · × c0 → K, where (ei)∞i=1 denotes the sequence of canonical
vectors of c0. It is well-known that arguments of symmetry combined with an inequality due to Minkowski
yields that for each k ∈ {2, ...,m} we have
(2)


∞∑
j1,...,jk−1=1

 ∞∑
jk=1

 ∞∑
jk+1,...,jm=1
|U(ej1 , ..., ejm)|2


1
2×1


1
1×2


1
2
≤
(√
2
)m−1
‖U‖ ,
which is also called mixed (ℓ1, ℓ2)-Littlewood inequality. For the sake of simplicity we can say that we
have m inequalities with “multiple” exponents (1, 2, 2, ..., 2) , ..., (2, ..., 2, 1). These inequalities are in the
heart of the proof of the famous Bohnenblust–Hille inequality for multilinear forms ([6]) which states that
there exists a sequence of positive scalars
(
BKm
)∞
m=1
in [1,∞) such that
(3)

 ∞∑
i1,...,im=1
∣∣U(ei1 , . . . , eim)∣∣ 2mm+1


m+1
2m
≤ BKm ‖U‖
for all continuousm-linear forms U : c0×· · ·×c0 → K. This inequality is essentially a result of the successful
theory of nonlinear absolutely summing operators (for more details on summing operators see, for instance,
[5, 12, 13] and references therein). To prove the Bohnenblust–Hille inequality using the mixed (ℓ1, ℓ2)-
Littlewood inequalities it suffices to observe that the exponent 2mm+1 can be seen as a multiple exponent(
2m
m+1 , ...,
2m
m+1
)
and this exponent is precisely the interpolation of the exponents (1, 2, 2, ..., 2) , ..., (2, ..., 2, 1)
with weights θ1 = · · · = θm = 1/m. Mixed Littlewood inequalities are also crucial to prove Hardy–
Littlewood inequalities for multilinear forms (see [3, 9] and the references therein).
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2. Mixed Littlewood inequalities and interpolation
The optimal constant of the 3-linear mixed (ℓ1, ℓ2)-Littlewood inequality for real scalars with multiple
exponents (1, 2, 2) and (2, 1, 2) were obtained in [10, 11] (these constants are precisely 2). Curiously, the
arguments could not be extended to obtain the optimal constant associated to the multiple exponent
(2, 2, 1) . However, using the 3-linear form
U(x, y, z) = (z1 + z2) (x1y1 + x1y2 + x2y1 − x2y2) + (z1 − z2) (x3y3 + x3y4 + x4y3 − x4y4)
it is easy to show that the optimal constant associated to the multiple exponent (2, 2, 1) is not smaller
than
√
2. So, interpolating the three inequalities we obtain the estimate 21/3 × 21/3 × √21/3 for the 3-
linear Bohnenblust–Hille inequality, i.e., 25/6, but it is well-known that the optimal constant of the 3-linear
Bohnenblust–Hille inequality is not bigger than 23/4. So we conclude that the optimal constant of the
3-linear Bohnenblust–Hille inequality cannot be obtained by interpolating the optimal constants of the
multiple exponents (1, 2, 2) , (2, 1, 2) and (2, 2, 1) .
In the paper [2], Albuquerque et al. have shown that the Bohnenblust–Hille inequality is a very particular
case of the following theorem:
Theorem 2.1. Let 1 ≤ k ≤ m and n1, . . . , nk ≥ 1 be positive integers such that n1 + · · · + nk = m, let
q1, . . . , qk ∈ [1, 2]. The following assertions are equivalent:
(A) There is a constant CKk,q1...qk ≥ 1 such that
(4)


∞∑
i1=1


∞∑
i2=1

...


∞∑
ik−1=1


∞∑
ik=1
∣∣∣A
(
e
n1
i1
, . . . , e
nk
ik
)∣∣∣
qk


qk−1
qk


qk−2
qk−1
· · ·


q2
q3


q1
q2


1
q1
≤ CKk,q1...qk ‖A‖
for all continuous m-linear forms A : c0 × · · · × c0 → K.
(B) 1q1 + · · ·+ 1qk ≤ k+12 .
The inequalities (4) when k = m, qj = 2 and ql =
2m−2
m for all l ∈ {1, ..., j− 1, j+1, ...,m} can be called
mixed
(
ℓ 2m−2
m
, ℓ2
)
-Littlewood inequality for short (see [10]). The best constants CK2m
m+1 ...
2m
m+1
(CKm for short)
are unknown (even its asymptotic growth is unknown). We stress that it is even unknown if the sequence(
CKm
)∞
m=1
is increasing. By the Khinchin inequality it can be proved (see [4]) that
(5) CK
2, 2m−2
m
,..., 2m−2
m
≤ A−12m−2
m
CKm−1.
where Ap are the optimal constants of the Khinchin inequality. Using an interpolative procedure, or the
Ho¨lder inequality for mixed sums, this means that
CKm ≤ A−12m−2
m
CKm−1.
We shall prove the following asymptotic equivalences:
(6) CKm−1 ∼ CK2, 2m−2
m
,..., 2m−2
m
∼ · · · ∼ CK2m−2
m
,..., 2m−2
m
,2
that seem to have been overlooked until now. This means that the search of the precise asymptotic growth of
the best constants of the Bohnenblust–Hille inequality is equivalent to the search of the precise asymptotic
growth of, for instance, the sequence
(
CK
2, 2m−2
m
,..., 2m−2
m
)∞
m=1
and no interpolative procedure is needed. As
a corollary conclude that the inequality (5) is asymptotically sharp.
The proof of (6) is simple. If Tm−1 is a (m− 1)-linear form, we define
Tm(x
(1), ..., x(m)) = Tm−1(x
(2), ..., x(m))x
(1)
1 .
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Then 
 ∞∑
j2,...,jm=1
|Tm−1 (ej2,...,ejm)|
2m−2
m


m
2m−2
=

 ∞∑
j1=1

 ∞∑
j2,...,jm=1
|Tm (ej1,...,ejm)|
2m−2
m


m
2m−22


1
2
≤ CK
2, 2m−2
m
,..., 2m−2
m
‖Tm‖
= CK
2, 2m−2
m
,..., 2m−2
m
‖Tm−1‖ .
We thus conclude that
CKm−1 ≤ CK2, 2m−2
m
,...,2m−2
m
.
Therefore
CKm−1 ≤ CK2, 2m−2
m
,..., 2m−2
m
≤ A−12m−2
m
CKm−1.
Since (for both real and complex scalars)
lim
m→∞
A−12m−2
m
= 1,
we conclude that
CKm−1 ∼ CK2, 2m−2
m
,...,2m−2
m
.
The other equivalences are similar.
3. Cotype 2 constants of ℓp spaces
Let 2 ≤ q <∞ and 0 < s <∞. A Banach space X has cotype q (see [1, page 138]) if there is a constant
Cq,s > 0 such that, no matter how we select finitely many vectors x1, . . . , xn ∈ X ,
(7)
(
n∑
k=1
‖xk‖q
) 1
q
≤ Cq,s
(∫
[0,1]
∥∥∥∥∥
n∑
k=1
rk(t)xk
∥∥∥∥∥
s
dt
)1/s
,
where rk denotes the k-th Rademacher function. The smallest of all of these constants will be denoted by
Cq,s(X).
By the Kahane inequality we know that if (7) holds for a certain s > 0 than it holds for all s > 0. It is
well-known that for all p ≥ 1, the sequence space ℓp has cotype max{p, 2}. The optimal values of C2,s(ℓp)
for 1 ≤ p < 2 are perhaps known or at least folklore, but we were not able to find in the literature. Classical
books like [1, 7, 8] do not provide this information.
In this section we shall show how the optimal cotype constant of ℓp spaces can be obtained using mixed
inequalities similar to those treated in the previous section. From now on, p0 is the solution of the following
equality
Γ
(
p0 + 1
2
)
=
√
π
2
.
Theorem 3.1. Let 1 ≤ r ≤ p0 ≈ 1.84742. Then
C2,r(ℓr) = 2
1
r
− 12 .
Proof. It is not difficult to prove that C2,r(ℓr) ≤ 2 1r− 12 (see [1, pages 141-142]). Now we prove that 2 1r− 12
is the best constant possible.
Let A : c0 × c0 → R a bilinear form and define, for all positive integers n,
An,e : c0 → ℓr
by
An,e(x) = (A (x, ek))
n
k=1 .
4 M. MAIA AND J. SANTOS
It is simple to verify that
‖An,e‖ ≤ ‖A‖ .
In fact,
‖An,e‖ = sup
‖x‖≤1
‖An,e (x)‖ = sup
‖x‖≤1

 n∑
j=1
|A (x, ej)|r


1/r
≤ sup
‖x‖≤1
π(r,r) (A (x, ·)) sup
ϕ∈B(c0)∗

 n∑
j=1
|ϕ (ej)|r


1/r
≤ sup
‖x‖≤1
‖A (x, ·)‖ sup
ϕ∈B(c0)∗
n∑
j=1
|ϕ (ej)|
= ‖A‖ .
It is also well-known that An,e is absolutely (2, 1)-summing and
π(2,1) (An,e) ≤ C2,r(ℓr) ‖An,e‖ .
In fact, for any continuous linear operator u : c0 → ℓr we have
 n∑
j=1
‖u (xj)‖2


1
2
≤ C2,r(ℓr)

∫
[0,1]
∥∥∥∥∥∥
n∑
j=1
rj(t)u (xj)
∥∥∥∥∥∥
r
dt


1
r
≤ C2,r(ℓr) sup
t∈[0,1]
∥∥∥∥∥∥
n∑
j=1
rj(t)u (xj)
∥∥∥∥∥∥
= C2,r(ℓr) ‖u‖ sup
ϕ∈B(c0)∗
n∑
j=1
|ϕ (xj)| .
We have 
 n∑
j1=1

 n∑
j2=1
|A(ej1 , ej2)|r


1
r
×2


1
2
=

 n∑
j1=1
‖An,e (ej1)‖2


1
2
(8)
≤ C2,r(ℓr) ‖An,e‖ sup
ϕ∈B(c0)∗
n∑
j=1
|ϕ (ej)|
≤ C2,r(ℓr) ‖A‖ .
But, plugging
A(x, y) = x1y1 + x1y2 + x2y1 − x2y2
into (8) we conclude that (
2 · 2 2r
) 1
2 ≤ 2C2,r(ℓr)
and thus
C2,r(ℓr) ≥ 2
1
2+
1
r
2
= 2
1
r
− 12 .

A simple adaptation of the above proof gives us:
Proposition 3.2. Let 1 ≤ r ≤ 2. Then
C2,s(ℓr) ≥ 2 1r− 12
for all s > 0.
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The same argument of the previous result provides:
Corollary 3.3. Let p0 ≈ 1.84742 < r ≤ 2. Then
2
1
r
− 12 ≤ C2,r(ℓr) ≤ 1√
2
(
Γ( r+12 )√
π
)−1/r
.
References
[1] F. Albiac, N. Kalton, Topics in Banach Space Theory, Graduate Texts in Mathematics 233, Springer-Verlag 2005.
[2] N. Albuquerque, G. Arau´jo, D. Nun˜ez-Alarco´n, D. Pellegrino and P. Rueda, Bohnenblust-Hille and Hardy-Littlewood
inequalities by blocks, arXiv:1409.6769 [math.FA].
[3] G. Araujo, D. Pellegrino, D. Diniz P. da Silva e Silva, On the upper bounds for the constants of the Hardy-Littlewood
inequality. J. Funct. Anal. 267 (2014), no. 6, 1878–1888.
[4] F. Bayart, D. Pellegrino, and J. B. Seoane-Sepu´lveda, The Bohr radius of the n-dimensional polydisk is equivalent to√
(log n)/n, Adv. Math., 264 (2014), 726–746.
[5] O. Blasco, G. Botelho, D. Pellegrino, P. Rueda, Summability of multilinear mappings: Littlewood, Orlicz and beyond.
Monatsh. Math. 163 (2011), no. 2, 131–147.
[6] H. F. Bohnenblust and E. Hille, On the absolute convergence of Dirichlet series, Ann. of Math. 32 (1931), 600–622.
[7] J. Diestel, H. Jarchow, A. Tonge, Absolutely summing operators, Cambridge University Press, 1995.
[8] D.J.H. Garling, Inequalities: A Journey into Linear Analysis, Cambridge University Press, Cambridge, 2007.
[9] J. E. Littlewood, On bounded bilinear forms in an infinite number of variables, Quart. J. Math., 1 (1930), 164–174.
[10] D. Pellegrino, The optimal constants of the mixed (ℓ1, ℓ2)-Littlewood inequality, J. Number Theory, 160 (2016) 11–18.
[11] D. Pellegrino, D. Serrano-Rodr´ıguez, On the mixed (ℓ1, ℓ2)-Littlewood inequality for real scalar and applications,
arXiv:1510.00909v1 [math.FA].
[12] D. Popa, G. Sinnamon, Blei’s inequality and coordinatewise multiple summing operators. Publ. Mat. 57 (2013), no. 2,
455–475.
[13] P. Rueda, E.A. Sa´nchez-Pe´rez, Factorization of p-dominated polynomials through Lp-spaces. Michigan Math. J. 63
(2014), no. 2, 345–353.
Departamento de Matema´tica, Universidade Federal da Para´ıba, 58.051-900 - Joa˜o Pessoa, Brazil.
E-mail address: joedsonmat@gmail.com and mariana.britomaia@gmail.com
